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Quantification of damping contribution from loads
M. Banejad and G. Ledwich
Abstract: A method to identify the effect of load dynamics on inter-machine oscillations is
developed. This contributes to the main aim of finding the sensitivity of the oscillatory modes with
respect to the presence of particular loads in a multi-machine power system. In this method the
sensitivity is found by using the identified oscillatory frequencies of the inter-machine oscillations,
the identified load model, and the right and left modal matrices. Simulation of a test power system,
including three generators and nine buses, is used to validate the algorithm. This approach is
applied to measurements of the inter-machine oscillations of the Australian network and sensitivity
to one particular load is identified.
1 Introduction
Load dynamics have an impact on power system stability
and thus load modelling has an important role in stability
studies of power systems. Many studies [1–4] have shown
the importance of load modelling to inter-area oscillations,
while the identification of load dynamics has also been
examined extensively [5–8]. On the basis of a generic model
of dynamic loads, it was found in [5] that the dynamics of
the load establish a feedback path that can affect the
damping of the oscillatory modes. In [6] a method was
proposed to identify loads where the load dynamics
significantly influence the damping of power system inter-
area oscillations. Determination of the most influential
loads in power systems was discussed in [7] by using
sensitivity-based and optimisation-based methods. Since the
load affects the oscillatory modes, the sensitivities of the
eigenvalues with respect to parameters of a feedback
controller are used in [8] to design controllers of static
series voltage sources for damping of inter-machine
oscillations.
This paper develops a method that can be applied to the
actual power system to learn continuously the actual
parameters rather than derive them from an offline model.
Sensitivity analysis is used online to quantify the load
contribution to damping and the extent to which loads can
change the eigenvalues of a multi-machine system. In the
proposed method, first the resonant frequencies of the
power system are determined, and the load models are
identified using cross-correlation and autocorrelation. Then
the load contribution to damping is identified using
sensitivity analysis. To validate the algorithm, a test system
including three generators and nine lines is simulated. Also,
this method is applied to measurements from the inter-
connected Australian system to find the contribution of
load of one feeder to the damping of major modes.
2 Sensitivity-based method of modal load con-
tribution
In this work, it is assumed that the perturbation around the
operating point is small, so the power system can be
expressed in the form of a linear state–space model. It is also
assumed in this paper that each of the individual load
centres is close to an aggregate generator. In using the
correlation approach, it is assumed that the signals are
ergodic [9]. This ergodic assumption appears reasonable for
short-term power system analysis, because initial analysis of
the statistical properties of the real signals show that the
statistical properties do not change significantly during
periods of the order of 5–10min.
2.1 State–space representation of power
systems
Figure 1 represents the connection of the generator i to the
rest of the network in an n-machine power system. For this
system, the swing equation (per unit) for generator i can be
expressed as [1]
Ji d
::
i
¼ Pmi  Pei  PLi  PDi  PLi ð1Þ
where Ji¼ inertia of generator i, Pmi¼ input mechanical
power of generator i, Pei¼ injected electrical power to the
rest of network by generator i, PDi¼ damping power of
generator i.
Gi
load i
PLi
bus i
Pei
Pm
rest of network  
consisting of generators 
G1, …,Gi −1, Gi +1,…,
Gn
Fig. 1 Connection of generator i to rest of network
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Assuming that the lines are mainly inductive, Pei can be
expressed as
Pei ¼
Xn
j¼1
j 6¼i
ViVj
Xij
sinðdi  djÞ ð2Þ
Since the aim is to describe the influence of the loads on the
system modes, the model developed relates the power of the
load to the machine angles. In particular, since the load is
assumed located at the generator terminals only generator i
affects load i. This model shows the load at the generator
terminals. This is not strictly true for all power systems, but
may be approximated in many cases. Where a group of
generators are all in proximity to a load then the aggregate
generator representing the group may approximate this
condition of loads at generator terminals. In this simulation,
the dynamic load model is chosen as a first-order transfer
function:
DPLiðsÞ ¼ biai þ sD
_diðsÞ ð3Þ
This dependency on frequency ð _dÞ, is similar to the response
of an induction motor. Evaluating (3) at power system
oscillation frequencies and simplifying, we can find a
relation at a specific resonant frequency ok as
DPLik ¼ aikðoksinyDdi þ cos yD _diÞ ð4Þ
where
aik ¼ bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2i þ o2
p and y ¼ tan1 ok
ai
 
ð5Þ
and aik¼ the dynamic load factor of the ith load at ok. It
should be noted that to develop (4) the following relation
has been used:
_d ¼ jokd ð6Þ
where j is the complex operator. It is also assumed that the
damping power for the ith machine, PDi, in (1) is
proportional to _d as
PDi ¼ Di _di ð7Þ
Substituting Pei, PLi and PDi from (2), (3) and (7) into (1)
and linearising the result around the operating points, di0
and dj0, gives
JiD€di ¼ 
Xn
j¼1
j6¼i
ViVj
Xij
cosðdi0  dj0Þðdi  djÞ  DiD _di
 aik ok sin yDdi þ cos yD _di
 
ð8Þ
For convenience, we omit the D in subscripts from
this point onward and thus the symbols Dd and D _d in
the rest of the paper refer to changes in d and _d. Therefore
(8) becomes
€di ¼  1Ji
(Xn
j¼1
j6¼i
ViVj
Xij
cosðdi0  dj0Þðdi  djÞ  Di _di
aikðok sin ydi þ cos y _diÞ
) ð9Þ
The state–space representation of (9) in compact form is
_x ¼ Axþ a1kE1V1kxþ    þ aikEiVikxþ   
þ ankEnVnkx ð10Þ
where A is the power system state matrix and
x ¼ d1 d2    dn _d1 _d2    _dn
 T ð11Þ
Ei ¼ 0 0    0 0 0     1Ji    0
h iT
ð12Þ
Vik ¼ ½0 0    ok sinðyiÞ    0 0 0    cosðyiÞ    0
ð13Þ
2.2 Sensitivity of power system mode with
respect to load parameters
It is worthwhile knowing how the eigenvalues of a power
system change as the load changes. Now consider the right
eigenvector of the power system, fk, which is characterised
by the following equation [10]:
½Aþ aikðE1kViÞ þ    a...iðEikViÞ þ   
þ ankðEnkVnÞfk
¼ lkfk ð14Þ
The derivative of (14) with respect to aik can be computed as
@
@ai
ðAþ aikEikViÞfk þ Aþ a1kðE1kV1Þ þ    þ aiðEikViÞþ

   þankðEnkVnÞ
	
@fk
@aik
¼ @lk
@aik
fk þ lk
@fk
@aik
ð15Þ
or
EikVifk þ ðAþ a1ðE1kV1Þ þ    þ aikðEikViÞþ
   þ ankðEnkVnÞ @fk
@aik
¼ @lk
@aik
fk þ lk
@fk
@aik
ð16Þ
Using the definition of the right modal matrix in [2] and
forming the modal left modal matrix (C) from CF¼ 1,
yields
cifi ¼ 1 i ¼ j0 i 6¼ j


ð17Þ
where ci is the ith row of left modal matrix and fi is the ith
column of the right modal matrix.
Premultiplying (16) by the ith left eigenvector, ci, and
noting that ciji¼ 1 then
ckðAþ a1kðE1kV1Þ þ    þ aikðEikViÞ þ   
þ ankðEnkVnÞÞ  lk1Þfk
¼ 0 ð18Þ
Therefore the sensitivity of the kth eigenvalue with respect
to ith load (per dynamic load unit) is
@lk
@aik
¼ ckEikVifk ð19Þ
Also, the changes in the kth eigenvalue, Dlk, due to presence
of the ith load can found from
Dlk ¼ ckEikVifkDaik ð20Þ
2.3 Load model identification in inter-
machine oscillations studies
To investigate the effects of load characteristics on inter-
machine oscillations, consider the block diagram in Fig. 2.
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In this block diagram, the measured power includes some of
the system ‘noise disturbances’, which are customer load
changes within the feeder. At a specific resonant frequency,
as can be seen in the Figure, the mode is partly excited by
local load variations or feedback power system controller
influences, and partly from other loads or other power
system controllers [11]. The local and remote excitation of
the system oscillations are labelled w(t) and d(t), respec-
tively. Since the load can be modelled as the integral of
white noise [12], the power system with local and remote
disturbances can be represented as in Fig. 2a. In this model
w and d are uncorrelated white noise. The model in Fig. 2a
can be simplified to the representation shown in Fig. 2b. In
Fig. 2 the transfer function m(s)/n(s) is included to represent
the different effect of load perturbation from remote
locations on the system response.
With regard to Fig. 2 we can write
s _dðsÞ ¼ eðsÞaðsÞ
aðsÞf ðsÞ  bðsÞeðsÞ
mðsÞ
nðsÞ dðsÞ þ wðsÞ
 
ð21Þ
sP ðsÞ ¼ f ðsÞaðsÞwðsÞnðsÞ þ eðsÞbðsÞdðsÞmðsÞ
nðsÞðaðsÞf ðsÞ  eðsÞbðsÞÞ ð22Þ
To find the desired load model, which is the transfer
function between _d and P in frequency domain (HL(o)), we
use cross-correlation of _d and P, and autocorrelation of _d as
HLðoÞ ¼ R _dP ðoÞR _d _dðoÞ
ð23Þ
where R _dP ðoÞ is the Fourier transform of cross-correlation
of _d, and R _d _dðoÞ is the Fourier transform of autocorrelation
of _d [9].
If HL(o) is computed according to (23), assuming that
the variances of d(t) and w(t) are D andW, respectively, we
then have
HLðoÞ ¼ f ðjoÞaðjoÞnðjoÞWeðjoÞaðjoÞnðjoÞW þ eðjoÞaðjoÞmðjoÞD
þ eðjoÞbðjoÞmðjoÞD
eðjoÞaðjoÞnðjoÞW þ eðjoÞaðjoÞmðjoÞD
ð24Þ
When the overwhelming majority of the modal disturbance
does not originate in the feeder load being examined, or in
the other words if W{D, the transfer function HL(o) can
be approximated by
HLðoÞ ¼ bðjoÞaðjoÞ ð25Þ
So, with the condition that W is much smaller than D, the
transfer function between _d and P can be identified.
Consider the case of monitoring one feeder in a large
interconnected system. In this case, the load variations in
that feeder will have a much lower effect on the network
than the cumulative effect of every other feeder in the entire
power system network.
3 Algorithm of sensitivity-basedmethod of modal
load contribution
To find the load contribution to damping in a multi-
machine system, the following algorithm is proposed on the
basis of the theoretical development in Section 2.
Step 1: Identifying resonant frequencies of inter-machine
oscillations
The oscillatory modes of the inter-machine oscillations
are determined on the basis of autocorrelation [13]. Figure 3
shows the multi-machine system driven with white noise
inputs. In the real data analysis the system could be excited
by load variation. The outputs of the system are the bus
voltage angles and these angles are utilised in determining
the resonant frequencies of the low-frequency oscillations.
In general, for this plant with n outputs, the transfer
function between any single input and an output i, can be
found from
GiðoÞ ¼ ZiðjoÞgðjoÞ ð26Þ
The resonant frequencies of the power system can be found
by taking the fast Fourier transform (FFT) of the
autocorrelation of all the bus voltage angles and using
multi-site curve fitting in the frequency domain [9]. The
resonant frequencies are the roots of the identified common
denominator in (26).
Throughout the analysis of this paper, all bus voltage
angles are mapped to the centre of inertia (COI) frame. The
COI angle for an n-machine power system can be found
from the following equation [1]:
dCOI ¼
Pn
k¼1
Jidi
Pn
k¼1
Ji
ð27Þ
The COI angle can be used to identify the common-mode
response using a frequency-domain fit of the FFT of the
autocorrelation of the COI angle. The common-mode
eigenvalues are real for this simple model, and one is zero
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Fig. 2 Block diagram to show load dynamics
a Complete model
b Simplified model
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Fig. 3 Schematic diagram of power system model showing inputs
and outputs
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and the other shows the overall system dynamics to load
change. Angles measured with respect to a common
reference can be mapped to the COI frame by subtracting
the COI angle.
Step 2: Identifying the load model
The load model in the algorithm is found on the basis of
cross-correlation and autocorrelation from (23).
Step 3: Determination of right and left eigenvectors
The transfer function between each output and one
defined reference (for example output 1) in Fig. 3 is used to
form the elements of the right modal matrix. The transfer
function between output i and the reference can be found
using (26) as
G1iðoÞ ¼ ZiðjoÞZ1ðjoÞ
ð28Þ
where the transfer functions can be determined from
G1iðoÞ ¼ Rd1diðoÞRd1d1ðoÞ
ð29Þ
Then by evaluating the identified load transfer functions
from (29) at the power system resonant frequencies, the
right eigenvector can be identified. For example, the right
eigenvector Vk corresponding to resonant frequency ok is
formed as
Vk ¼ 1    G1iðokÞ    G1n1ðokÞ jok    jokG1iðokÞ½
   G1n1ðokÞjokT ð30Þ
It should be noted that in an n-machine system, there are
n1 oscillatory frequencies or 2n2 complex eigenvalues,
but the size of the right modal matrix is 2n by 2n. The
remaining eigenvectors correspond to the common modes.
One of the common-mode frequencies for the model in (10)
is zero and the other is equal to the system load response
time constant. If the non-zero common-mode eigenvalue is
represented by lc, then the 2n by 1 unnormalised
eigenvectors corresponding to common modes can be
formed as
V2n1 ¼ ½1    1 0    0T ð31Þ
V2n ¼ ½1    1 lc    lcT ð32Þ
The common mode lc can be found by fitting a first-order
model to the FFT of the autocorrelation of the COI angle.
The left modal matrix, which is needed to form (19), can be
computed by taking the inverse of the right modal matrix.
Step 4: Identification of load contribution in damping
By evaluating the identified load transfer function from
(23) at the power system oscillatory frequencies, the
contribution of the load in damping can be quantified.
Indeed this quantification is used to form V vectors in (13).
Step 5: Sensitivity analysis
In this step, the sensitivity of the eigenvalues with respect
to the load factor is determined. The sensitivity is computed
on the basis of (20). Indeed, the sensitivity predicts the
amount of change in the eigenvalue of the system due to
changes in the load.
4 Simulation
In this section, the simulation of the proposed method on a
test power system consisting of three generators and nine
lines is examined. The test system and its parameters are
derived from [1]. Following the steps given in [1], the system
can be reduced to three machines with three lines. In our
analysis only the reactive part of the line impedance is
considered. The resulting system is illustrated in Fig. 4. The
loads are placed close to the generator terminals, as
discussed in Section 2.1.
To validate the sensitivity algorithm, the eigenvalues of
the system with the loads and without the loads are
determined via simulation. Then the difference between the
two different sets is considered as the actual sensitivity, these
values are then compared to the values that are to be
obtained by means of the sensitivity analysis described in
Section 2.2 in (20). The test system is excited with three
white noise sources in such a way that each of the sources is
located near a generator bus.
In this simulation the load connected at each generator
bus, is considered in the form
PLi
_di
¼ bi
ai þ s i ¼ 1;    ; 3 ð33Þ
The test system was run for 30 min. with a sampling
frequency of 10 Hz. The power system resonant frequencies
and loads are identified on the basis of autocorrelation.
Table 1 shows the actual and identified resonant frequen-
cies. As an example, the magnitude and phase of both the
measured and fitted FFT of the autocorrelation of d3 is
shown in Fig. 5. Fitting a parametric model to the
frequency-domain real data, as seen in Fig. 5, yields
damping and frequency of the power system modes. The
actual system modes can be found from the parameters of
the system being simulated. These values are compared with
the estimated values obtained from the correlation-based
method, as shown in Table 1. As Table 1 shows, the
estimated values of the damping and frequencies of the
oscillatory mode frequencies are close to the actual values.
According to the algorithm, the local load transfer
functions are identified in the next step from (23). The
 G1 G 2
L 1 L 2
L 2G3
bus 3
bus 1 bus 2
Fig. 4 Simplified diagram of test system
Table 1: Actual and estimated oscillatory modes
Actual value Estimated value
0.31137j2p(2.1371) 0.33487j2p(2.1332)
0.30997j2p(1.4020) 0.31107j2p(1.4033)
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actual and estimated values of the load parameters are given
in Table 2. As Table 2 illustrates the estimated values of the
load parameters agree with the actual values. This shows
the validity of the load model identification.
Finally, according to (20) the sensitivity of the eigenvalues
of the test power system to the presence of all loads is
estimated using left and right eigenvalues, vectors E and V
obtained from (12) and (13), respectively. These values, as
well as the actual sensitivity, are shown in Table 3. The
actual sensitivity in this table illustrates the difference in the
power system eigenvalue between the no load case and
when the loads are present. The error between the actual
and estimated sensitivities shown in Table 3 is low, thus the
‘damping load contribution sensitivity-based method’ is
proposed as a reasonable method for identifying load
contribution to damping.
As can be seen in Table 3, the negative real part of the
sensitivity shows that the load has increased the damping
for both modes. Note, however, that the increase in
imaginary component of the modes indicates that the load
has caused a small increase in modal frequencies. Also at 2.1
Hz, the influence of the load on frequency is stronger than
the influence on damping.
5 Real data analysis of Australian network
This Section is devoted to analysis of data measured on the
interconnected Australian network. The data consists of
voltage magnitude and angle of the four major load centres:
Brisbane, Sydney, Adelaide and Melbourne. In addition,
the magnitude and angle of current of one feeder from a
substation located in Brisbane were measured. All angles
are measured with respect to a GPS generated exact 50Hz
reference and then converted to a COI reference. The
measurement in Brisbane was made on a feeder supplying a
small portion of the Brisbane load, which is largely
residential, and it is referred to in this paper as Brisbane
load. The aim is to determine to what extent this load
contributes to damping or, from the sensitivity analysis
context, what is the sensitivity of the eigenvalues of the
power system with respect to the Brisbane load.
The duration of the data was 1 h with a sampling
frequency of 5 Hz. The power system resonant frequencies
are found using multi-site curve fitting of the FFT of
autocorrelations of the COI referenced voltage angles of the
four major load centres, which are shown in Fig. 6. The
identified resonant frequencies for this 1 h period are given
in Table 4.
In the next step, the load model of the feeder from
Brisbane is identified. The load model is represented by a
transfer function from the rate change of the Brisbane bus
voltage angle ( _d) to the P of the substation. Therefore,
according to (23) the identified load model, HL, is obtained
from
HLðoÞ ¼
R _dBpLðoÞ
R _dB _dBðoÞ
ð34Þ
where R _dBpBðoÞ is the Fourier transform of the cross-
correlation of the rate of change of the Brisbane bus voltage
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Fig. 5 Actual and fitted values of FFT of autocorrelation of d3
Table 2: Actual and estimated sensitivity for test system
Load parameter Actual Estimated
Load 1 b1 0.035 0.0351
a1 15 15.0468
Load 2 b2 0.011 0.0110
a2 10 10.0354
Load 3 b3 0.011 0.0110
a3 10 10.1004
Table 3: Actual and estimated sensitivity of power system
eigenvalues with all loads present
Actual sensitivity Estimated sensitivity
F¼1.4 Hz 0.0099+0.0078i 0.0085+0.0065i
F¼2.1 Hz 0.0113+0.0149i 0.0108+0.0141i
0  
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Fig. 6 The FFT of autocorrelation of bus voltage angle of the load
centers
Table 4: Eigenvalues of real data
Mode Eigenvalue
Mode 1 0.225571.8791i
Mode 2 0.351272.7552i
Mode 3 6.121974.6479i
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angle and P of the feeder, and R _dB _dBðoÞ is the Fourier
transform of the auto-correlation of the rate of change of
the Brisbane bus voltage angle. Using (34) and fitting a
model, gives the Brisbane load transfer function as
HLðsÞ ¼ 0:0002s
4 þ 0:0019s3 þ 0:006s2 þ 0:016sþ 0:0217
s7þ1:4s6þ266s5þ340s4þ13882s3
þ14565s2þ8022sþ5670
ð35Þ
By evaluating (35) at the identified resonant frequencies, the
V vector in (13) can be formed.
According to (20) the sensitivity is determined using the
right and left modal matrices. The value of the identified
transfer function between the voltage angle of Brisbane and
the other load centres bus voltage angles at the identified
resonant frequencies is utilised to form the right modal
matrix. To form the right modal matrix, it is necessary to
determine the right eigenvectors for all modes. Using real
data, it is difficult to find the single common mode (lc),
because the presence of governors and dynamic load
response creates a higher-order model. However, a simple
first-order model for the common mode can be fitted and,
fortunately, the accuracy of the oscillatory mode sensitivity
is not highly dependent on accuracy of the common-mode
fit.
Then by taking the inverse of the right modal matrix, the
left modal matrix is specified. Finally the sensitivity of the
power system resonant frequencies with respect to the load
of the Brisbane feeder are determined according to (20) by
using the results of the previous steps. There was no
opportunity to experiment with turning this load on and off
so there is no confirmation of these calculated sensitivities.
The values of the sensitivity of the eigenvalues are given in
Table 5. As shown in the Table, the effect of the load is to
increase the damping of mode 1, but it causes a decrease in
the damping of modes 2 and 3. For all modes we see a
change in both damping and frequency.
6 Conclusions
A sensitivity analysis tool has been developed, which
permits the online identification of the load contribution
to damping of a multi-machine system. In the method, first
the resonant frequencies of the power system are identified.
Then the transfer functions representing the relationship
between the bus voltage angle changes are identified.
Evaluating the identified transfer function at the power
system oscillation eigenvalues yields the right eigenvectors.
Finally, by using the right and left eigenvectors and load
models, the sensitivity of the eigenvalues with respect to the
load can be obtained. The suggested algorithm was
simulated on a test system consisting of three buses and
nine lines and the results showed good agreement with the
actual values. Also, to illustrate the applicability of the
method, the contribution of a Brisbane load in Australia to
damping of the major modes of the Australian network was
determined.
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